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A REMARK ON AMENABLE VON NEUMANN SUBALGEBRAS IN A 

TRACIAL FREE PRODUCT 

NARUTAKA OZAWA 


Abstract. Let M = M\ * M 2 be a nontrivial tracial free product of finite von Neumann 
algebras. We prove that any amenable subalgebra of M that has a diffuse intersection 
with Mi is in fact contained in Mi. 


Amenable von Neumann subalgebras have provided key tools in the study of the struc¬ 
ture of the ambient von Neumann algebras. Here we are interested in maximal amenable 
subalgebras. The first concrete example of a maximal amenable subalgebra of a finite von 
Neumann algebra was found by S. Popa in |Po2j . where it is proved that the maximal 
abelian subalgebra generated by one of the generators in the free group factor is in fact 
maximal amenable. Since then most of the results on maximal amenability have been ob¬ 
tained via Popa’s asymptotic orthogonality method. Recently however, R. Boutonnet and 
A. Carderi introduced in ra a completely new way of proving maximal amenability via 
the study of central states. We adapt their method and prove the following. C. Houdayer 
has shown it under more general circumstances (Theorem 4.1 in [Ho]). 

Theorem. Let M = Mi * M 2 be a nontrivial tracial free product of finite von Neumann 
algebras Mi and M 2 , and let A C M be an amenable von Neumann subalgebra such that 
An Mi is diffuse. Then, A C Mi. In particular, if Mi is diffuse and amenable, then it is 
maximal amenable in M. 

See [BUI IHol iLe] and the references therein for more information about maximal 
amenable subalgebras. The result should be also compared with another work of S. Popa 
( [Pol] ) that if B C Mi is a diffuse subalgebra in the above setting, then the normalizer 
AIm(B) of B inside M is contained in Mi. Here note that if B is amenable in addition, 
then the von Neumann algebra ( B,u ) generated by B and an element u G Nm{B) is 
amenable. We also mention the fascinating conjecture of J. Peterson that every diffuse 
amenable subalgebra in the free group factor should be contained in a unique maximal 
amenable subalgebra. 

Recall that a finite von Neumann algebra A in B (TL) is amenable if and only if there is 
a state 95 on B (TL) which is A-central : < p(ax ) = ip(xa) for all a G A and x G B {TL). 

Lemma. Let A C B("H) be a finite amenable von Neumann subalgebra and x G B {TL) be 
such that the norm closed convex hull of {(u<g>u)(x(g)x)(u(g)u)* : u G U(A)} in B (Tt®TL) 
contains 0. Then, ip(x*A) = {0} for any A-central state (p. 

The condition on x is reminiscent of singularity in [BCj . Indeed, it can be shown that 
a subgroup A < T is singular (Definition 1.2 in [BC]) if and only if for every g G T \ A 
the closed convex hull of (A(tgt _1 ) : t G A} in B(£ 2 r) contains 0. 
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Proof of Lemma. Let ip be an A-central state on B (PL) and approximate it by a net (Sfji 
of positive norm one trace class operators. We may assume that ||[S),a]||i —> 0 for all 
a G A, by the standard trick of Day. Thus, for every unitary element a G A, one has 

\<p{x*a) \ = lim | Tr(5)x*a)| = lim | Tr{S^ A x* S]^aS^ 2 )\ < lirnsup | Tr(S) 1 ^ 2 x*S' 4 // 2 x)| 1 ' /2 . 


Here we have used the Kittaneh-Powers-Stprmer inequality (Corollary 2 in [Ki 

||o5 4 / 4 a* - Sl f % < || aS\ /2 a* - S] /2 \\\ < \\aS ia * - -A 0. 

For any finite (multi-)subset F of unitary elements in A, one has 

lirnsup | Tr(S 1 ^ 2 x*S 1 ^ 2 x)\ = lim sup |—|— ^ Tv(u* S^ 2 ux*u* S^ 2 ux)\ 


ueF 


< lim sup || |—- E uxu*S l J 2 ux*u 


F 


uGF 


< 


\F\ 


^2(uxu*) © (uxu*) 


u£F 


Here we have used the identification of the Hilbert-Schmidt class operators and the vectors 
in Now, the assumption implies that ip(x*a) = 0. □ 


Proof of Theorem. Since A is an amenable subalgebra of M, the tracial state on M extends 
to an H-central state p on B (L 2 M). It suffices to show <p(x*A) = {0} for every x in 
M © Mi. We may assume that x is of the form V\ ■ ■ -vi for some trace zero unitary 
elements Vj G with i(j) i(j + 1). Since A D Mi is diffuse, it contains a unitary 

element u whose nonzero powers are all trace zero. Thus a := x*ux and b u are free 
Haar unitary elements, and they together generate a copy of the free group factor LF 2 of 
rank two. This implies that {a k b~ k : k G N} is also a free family. It follows that 

II -y^{x*u k xu~ k ) © {x*u k xu~ k ) || = II- Va fc r fc || lf 2 = —- -A 0 

m m m 

k =1 k= 1 

by the Akemann-Ostrand formula ( [AO] ). Hence (p(x*A) = {0} by the above lemma. □ 
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